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HARMONIC G-STRUCTURES
J. C. GONZÁLEZ DÁVILA AND F. MARTÍN CABRERA
Abstrat. For losed and onneted subgroups G of SO(n), we study the energy fun-
tional on the spae of G-strutures of a (ompat) Riemannian manifold (M, 〈·, ·〉), where
G-strutures are onsidered as setions of the quotient bundle SO(M)/G. Then, we dedue
the orresponding rst and seond variation formulae and the haraterising onditions for
ritial points by means of tools losely related with the study of G-strutures. In this
diretion, we show the rle in the energy funtional played by the intrinsi torsion of the
G-struture. Moreover, we analyse the partiular ase G = U(n) for even-dimensional man-
ifolds. This leads to the study of harmoni almost Hermitian manifolds and harmoni maps
from M into SO(M)/U(n).
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1. Introdution
The energy of a map between Riemannian manifolds is a funtional whih has been widely
studied by diverse authors [3, 4, 22℄. Critial points for the energy funtional are alled har-
moni maps and have been haraterised by Eells and Sampson [5℄ as maps with vanishing
tension eld.
For a Riemannian manifold (M, 〈·, ·〉), we denote by (T1M, 〈·, ·〉
S) its unit tangent bundle
equipped with the Sasaki metri 〈·, ·〉S (see [17℄). Looking at unit vetors elds as maps
M → T1M , if M is ompat and oriented, one an onsider the energy funtional as dened
on the set X1(M) of unit vetor elds. Critial points for this funtional give rise to the notion
of harmoni unit vetor eld. The ondition haraterising harmoni unit vetor elds has
been obtained by Wiegmink [25℄ (see also Wood's paper [27℄). This has been also extended
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in a natural way to setions of sphere bundles (see [9℄, [19℄) and to oriented distributions,
onsidered as setions of the orresponding Grassmann bundle [8℄.
In [28℄, for prinipal G-bundles Q → M over a Riemannian manifold (M, 〈·, ·〉), Wood
onsiders global setions σ : M → Q/H of the quotient bundle π : Q/H →M , where H is a
losed subgroup of G suh that G/H is redutive. Note that suh global setions are in one-to-
one orrespondene with the H-redutions of the G-bundle Q → M . Likewise, a onnetion
on Q → M and a G-invariant metri on G/H are xed. Thus, Q/H an be equipped in
a natural way with a metri 〈·, ·〉Q/H , dened by using the metris on M and G/H. For
suh a metri on Q/H, the submersion π : Q/H →M is Riemannian and has totally geodesi
bres. In suh onditions, harmoni setions are haraterised as those with vanishing vertial
tension eld. This situation arises when the Riemannian manifold M is equipped with some
additional geometri struture, viewed as redution of the struture group of the tangent
bundle.
In this paper, we onsider the partiular situation for G-strutures dened on an oriented
Riemannian n-manifold (M, 〈·, ·〉), where G is a losed and onneted subgroup of SO(n).
The manifold M is said to be equipped with a G-struture if its oriented orthogonal frame
bundle SO(M) admits a redution G(M) to the subgroup G. Moreover, if SO(M)/G =
SO(M)×G SO(n)/G is the quotient bundle under the ation of G on SO(M), the existene of
aG-struture onM is equivalent to the existene of a global setion σ : M → SO(M)/G. In the
present work, we analyse the energy funtional dened on the spae of setions Γ∞(SO(M)/G)
of the quotient bundle. Thus, if ξG denotes the intrinsi torsion of the G-struture, we learly
shows the entral rle played by ξG in the energy funtional. (Theorem 3.3). Furthermore,
the rst variation formula is dedued (Theorem 3.6). Then, we show several equivalent har-
aterising onditions of ritial points for the energy funtional on the spae of G-strutures
dened on (M, 〈·, ·〉) (Theorem 3.7). This gives rise to the notion of harmoni G-struture
for general Riemannian manifolds, not neessarily ompat and oriented. It is worthwhile to
note that harmoni G-strutures are not neessarily ritial for the energy funtional on all
maps from (M, 〈·, ·〉) to (SO(M)/G, 〈·, ·〉SO(M)/G). They are harmoni maps when the orre-
sponding harmoni G-strutures satisfy a ondition involving the urvature of the Riemannian
manifold. Additionally, we dedue the seond variation formula (Theorem 3.8).
We point out that beause the intrinsi torsion of the G-strutures is involved in all results
above mentioned, this makes possible going further in the study of relations between harmoni-
ity and lasses of G-strutures. This will be illustrated in Setion 4, where we fous attention
on the study of harmoni almost Hermitian strutures initiated by Wood in [26,28℄. Thus, we
study harmoniity of almost Hermitian strutures by using the tools developed in Setion 3,
reovering Wood's results and proving some additional ones. In Theorem 4.1, several equiv-
alent haraterising onditions for harmoni almost Hermitian strutures are shown. The
relation of harmoniity with Gray-Hervella's lasses of almost Hermitian strutures is studied
in Theorem 4.5. Note that the results there ontained haraterise harmoni almost almost
Hermitian strutures by means of onditions on the Riemannian urvature. Conretely, in
terms of the partiular Rii tensor Ric∗ determined by the almost Hermitian struture. Fi-
nally, we point out that Theorem 4.5, in some sense, generalises the results proved by Bor et
al. [2℄ (see Theorem 4.9). In fat, note that the results in [2℄ are stated for onformally at
manifolds, i.e., Weyl urvature tensor vanished.
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After these remarks, we fous attention on the study of harmoniity as a map of almost
Hermitian strutures. Results in that diretion were already obtained by Wood [28℄. Here we
omplete suh results by using tools here presented.
For ompleteness, we nish this paper by briey giving a detailed and self-ontained ex-
planation of the situation for nearly Kähler manifolds. Thus, we will reover results already
known originally proved, some of them, by Gray and, others, by Wood. However, we will
display alternative proofs in terms of the intrinsi torsion. Additionally, it is also shown a
Kiriheno`s result [14℄ saying that, for nearly Kähler manifolds, the intrinsi torsion is parallel
with respet to the minimal onnetion.
Aknowledgements. The authors are are supported by grants from MEC (Spain), projets
MTM2004-06015-C02-01 and MTM2004-2644.
2. Preliminaries
First we reall some notions relative to G-strutures, where G is a subgroup of the linear
group GL(n,R). The Lie algebra of G will be denoted by g. An n-dimensional manifold M
is equipped with a G-struture if its frame bundle admits a redution G(M) to the subgroup
G. Moreover, if (M, 〈·, ·〉) is an n-dimensional oriented Riemannian manifold, we an onsider
the prinipal SO(n)-bundle π
SO(n) : SO(M) → M of the oriented orthonormal frames with
respet to the metri 〈·, ·〉. A G-struture on (M, 〈·, ·〉) is a redution G(M) ⊂ SO(M) to a
subgroup G of SO(n).
In what follows, we always assume that G is losed and also, onneted. Then, the quo-
tient spae SO(n)/G is a homogeneous manifold and it beomes into a normal homogeneous
Riemannian manifold with bi-invariant metri indued by the inner produt 〈·, ·〉 on so(n)
given by 〈X,Y 〉 = − traceXY, the natural extension of the usual Eulidean produt 〈·, ·〉 on
R
n
to End(Rn). Let SO(M)/G be the orbit spae under the ation of G on SO(M) on the
right as subgroup of SO(n). Then the G-orbit map πG : SO(M) → SO(M)/G is a prinipal
G-bundle and we have πSO(n) = π ◦πG, where π : SO(M)/G→M is a bre bundle with bre
SO(n)/G, whih is naturally isomorphi to the assoiated bundle SO(M) ×SO(n) SO(n)/G.
The map σ :M → SO(M)/G given by σ(m) = πG(p), for all p ∈ G(M) with πSO(n)(p) = m, is
well-dened beause πG is onstant on eah ber of the redued bundle. It is a smooth setion
and we have G(M) = π−1G (σ(M)). Hene, there is a one-to-one orrespondene between the
totally of G-strutures and the manifold Γ∞(SO(M)/G) of all global setions of SO(M)/G.
In what sequel, we shall also denote by σ the G-struture determined by the setion σ.
If u1 = (1, 0, . . . , 0), . . . , un = (0, . . . , 0, 1) is the anonial orthonormal frame on R
n
, then
an oriented frame p ∈ SO(M) an be viewed as an isomorphism p : Rn → Tπ
SO(n)(p)M suh
that {p(u1), . . . , p(un)} is a positive oriented basis of Tπ
SO(n)(p)M . From now on, we will make
reiterated use of the musial isomorphisms ♭ : TM → T∗M and ♯ : T∗M → TM , indued by
the metri 〈·, ·〉 on M , respetively dened by X♭ = 〈X, ·〉 and 〈θ♯, ·〉 = θ.
In the presene of a G-struture determined by a setion σ : M → SO(M)/G, a frame
p ∈ SO(M) is said to be an adapted frame to the G-struture, if p ∈ σ ◦ π
SO(n)(p) or,
equivalently, if p ∈ G(M) ⊆ SO(M). Note also that, in a rst instane, the bundle of
endomorphisms End(TM) on the bers in the tangent bundle TM oinides with the assoi-
ated vetor bundle SO(M) ×
SO(n) End(R
n), where SO(n) ats on End(Rn) in the usual way
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(g · ϕ)(x) = gϕ(g−1x) = (Ad
SO(n)(g)ϕ)(x). Thus, it is identied
(2.1) ϕm = aji p(ui)
♭ ⊗ p(uj) ∼= [(p, aji u
♭
i ⊗ uj)],
where m ∈ M and p ∈ π−1
SO(n)(m) and the summation onvention is used. Suh a onvention
will be followed in the sequel. When a risk of onfusion appear, the sum will be written in
detail.
In our ontext, we have also a redued subbundle G(M). So that we an do the identiation
End(TM) = G(M)×GEnd(R
n) beause any ϕm an be identied with an element in G(M)×G
End(Rn) as in Equation (2.1), but in this ase must be p ∈ σ(m).
Now we restrit our attention to the subbundle so(M) of End(TM) of skew-symmetri
endomorphisms ϕm, for all m ∈ M , i.e., 〈ϕmX,Y 〉 = −〈ϕmY,X〉. Note that this subbundle
so(M) is expressed as so(M) = SO(M) ×
SO(n) so(n) = G(M) ×G so(n). The orresponding
matries (aij) for so(M), given by Equation (2.1), are suh that aij = −aji. Furthermore,
beause so(n) is deomposed into the G-modules g and the orthogonal omplement m on
so(n) with respet to the inner produt 〈·, ·〉, the bundle so(M) is also deomposed into
so(M) = gσ(M) ⊕ mσ(M), where gσ(M) = G(M) ×G g and mσ(M) = G(M) ×G m. The
matries (aij) in Equation (2.1) orresponding to gσ(M) and mσ(M) are suh that they are
in g and m, respetively. The subindex σ in gσ(M) and mσ(M) is to point out that these
bundles are determined by the G-struture σ. From now on, we will merely write gσ and mσ.
Under the onditions above xed, if M is equipped with a G-struture, then there exists
a G-onnetion ∇˜ dened on M . Doing the dierene ξ˜X = ∇˜X − ∇X , where ∇X is the
Levi-Civita onnetion of 〈·, ·〉, a tensor ξ˜X ∈ so(M) is obtained. Beause ∇ is torsion-free, ξ˜
is an alternative way of giving the torsion of ∇˜. In fat, if T˜ is the usual torsion tensor of ∇˜
given by T˜ (X,Y ) = ∇˜XY − ∇˜YX − [X,Y ], then it is satised
(2.2)
T˜ (X,Y ) = ξ˜XY − ξ˜YX,
2〈ξ˜XY,Z〉 = 〈T˜ (X,Y ), Z〉 − 〈T˜ (Y,Z),X〉 + 〈T˜ (Z,X), Y 〉.
Deomposing ξ˜X = (ξ˜X)gσ + (ξ˜X)mσ , (ξ˜X)gσ ∈ gσ and (ξ˜X)mσ ∈ mσ, a new G-onnetion
∇G, dened by ∇GX = ∇˜X − (ξ˜X)gσ , an be onsidered. Beause the dierene between two
G-onnetions must be in gσ, ∇
G
is the unique G-onnetion on M suh that its torsion
satises the ondition ξGX = (ξ˜X)mσ = ∇
G
X −∇X ∈ mσ. ∇
G
is alled the minimal onnetion
and ξG is referred as the intrinsi torsion of the G-struture σ [6, 18℄. A natural way of
lassifying G-strutures arises by deomposing of the spae T∗M ⊗ mσ of possible intrinsi
torsions into irreduible G-modules. If ξG = 0, the G-struture is usually referred as a parallel
(or integrable) G-struture. In suh a ase, the Riemannian holonomy group ofM is ontained
in G.
Assoiated to the metri onnetions ∇ and ∇G there are onnetions one-forms ω and
ωG dened on SO(M) and G(M) with values in so(n) and g, respetively. Note that the
projetion G(M) → M of the redued bundle is π
SO(n) restrited to G(M). Therefore, if
℘ = {e1, . . . en} : U → G(M) is a loal frame eld adapted to the G-struture, then
〈ξGXei, ej〉m = 〈∇
G
Xei, ej〉m − 〈∇Xei, ej〉m = ω
G
℘(m)(℘∗mX)ji − ω℘(m)(℘∗mX)ji.
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Sine the matries (〈ξGXei, ej〉m) ∈ m and (ω
G
℘(m)(℘∗mX)ji) ∈ g, it is obtained the following
identities for matries
((ω℘(m)(℘∗mX)ji)g = (ω
G
℘(m)(℘∗mX)ji), (ω℘(m)(℘∗mX)ji)m = −
(
〈ξGXei, ej〉m
)
.
Therefore, the intrinsi torsion is expressed as
(2.3) ξGX = −(ω(℘∗X)ji)m e
♭
i ⊗ ej ,
where ℘ = {e1, . . . en} is a loal frame eld adapted to the G-struture.
Finally, we need to point out that, along the present paper, we will onsider the natural
extension of the metri 〈·, ·〉 to (r, s)-tensor elds on M . Suh an extension is dened by
(2.4) 〈Ψ,Φ〉 = Ψi1...irj1...jsΦ
i1...ir
j1...js
,
where Ψi1...irj1...js and Φ
i1...ir
j1...js
are the omponents of Ψ and Φ with respet to an orthonormal loal
frame.
3. Charaterising harmoni G-strutures via the intrinsi torsion
Now we onsider the bundle πG : SO(M) → SO(M)/G. Beause we have TSO(M) =
kerπ
SO(n)∗⊕kerω, the tangent bundle of SO(M)/G is deomposed into TSO(M)/G = V⊕H,
where V = πG∗(ker π
SO(n)∗) and H = πG∗(kerω). Then the vertial and horizontal distribu-
tions V and H are suh that π∗V = 0 and π∗H = TM .
Moreover, we onsider the pullbak or indued bundle π∗ so(M) of so(M) by π, that is, the
vetor bundle over SO(M)/G onsisting of those pairs (pG,ϕm), where π(pG) = m and ϕm ∈
so(M)m. Alternatively, π
∗ so(M) is also desribed as the assoiated bundle SO(M)×G so(n)
to πG. Then π
∗ so(M) is deomposed into π∗ so(M) = gSO(M)⊕mSO(M), where gSO(M) =
SO(M)×G g and mSO(M) = SO(M)×G m. A metri on eah ber of π
∗ so(M) is dened by
〈(pG,ϕm), (pG,ψm)〉 = 〈ϕm, ψm〉,
where 〈·, ·〉 in the right side is the extension to (1, 1)-tensors of the metri onM given by (2.4).
With respet to this metri, the deomposition π∗ so(M) = gSO(M)⊕mSO(M) is orthogonal.
Additionally, we have a ovariant derivative ∇ on π∗ so(M) indued by the Levi-Civita
onnetion assoiated to the metri 〈·, ·〉 on M and given by
(3.5) (∇Aϕ˜)pG =
(
pG ,
∇
ds |s=0
pr
π
2 ϕ˜γ˜(s)
)
,
for all A ∈ X(SO(M)/G) = Γ∞(TSO(M)/G) and ϕ˜ ∈ Γ∞(π∗ so(M)), where s → γ˜(s)
is a urve in SO(M)/G suh that γ˜(0) = pG and γ˜′(0) = ApG and pr
π
2 is the projetion
pr
π
2 (pG,ϕm) = ϕm on so(M). Note that, in the right side, the ovariant derivative is along
the urve γ(s) = π ◦ γ˜(s).
There is a anonial isomorphism between V and the bundle mSO(M). For desribing suh
an isomorphism, let us rstly say that the elements in mSO(M) an be seen as pairs (pG,ϕm)
suh that if ϕm with respet to p is expressed as in Equation (2.1), then (aji) ∈ m. Now, let
us desribe the mentioned anonial isomorphism φ|VpG : VpG →
(
mSO(M)
)
pG
. For all a ∈ m,
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we have the fundamental vetor eld a∗ on SO(M) given by
a∗p =
d
dt |t=0
p. exp ta ∈ ker π
SO(n)∗p ⊆ TpSO(M).
Any vetor in VpG is given by πG∗p(a
∗
p), for some a = (aji) ∈ m. The isomorphism φ|VpG is
dened by
φ|VpG(πG∗p(a
∗
p)) = (pG, aji p(ui)
♭ ⊗ p(uj)).
Next it is extended the map φ|V : V → mSO(M) to φ : T SO(M)/G → mSO(M) by saying that
φ(A) = 0, for all A ∈ H, and φ(V ) = φ|V(V ), for all V ∈ V. This is used to dene a metri
〈·, ·〉SO(M)/G on SO(M)/G by
(3.6) 〈A,B〉SO(M)/G = 〈π∗A, π∗B〉+ 〈φ(A), φ(B)〉.
For this metri, the projetion π : SO(M)/G → M is a Riemannian submersion with to-
tally geodesi bres (see [24℄ and [1, page 249℄). That is, if v : TSO(M)/G → V and
h : TSO(M)/G → H are respetively the vertial and horizontal projetions and ∇q is the
Levi-Civita onnetion of 〈·, ·〉SO(M)/G, then ∇
q
VW = v∇
q
VW and ∇
q
VH = h∇
q
VH, for all
H ∈ Γ∞(H) and V,W ∈ Γ∞(V).
Beause so(n) = g⊕m is a redutive deomposition, that is, it satised Ad
SO(n)(G)m ⊆ m,
the omponent ωg in g of the the onnetion-form ω is a onnetion-form for the bundle
πG : SO(M)→ SO(M)/G whih is referred as anonial onnetion. This onnetion provides
a ovariant derivative ∇c on mSO(M), whih respet to whih the bre metri is holonomy
invariant. The Levi-Civita onnetion ∇q is related with ∇c on mSO(M) via the projetion of
the m-omponent of the urvature form Ω of the Levi-Civita onnetion ∇ of M . Thus, it is
onsidered the two-form Φ on SO(M)/G, with values in mSO(M), dened by
Φ(A,B) = φπG∗Ω(A˜, B˜)
∗
m
= φπG∗dω(A˜, B˜)
∗
m
+ φπG∗[ω(A˜), ω(B˜)]
∗
m
,
where A˜, B˜ ∈ TSO(M) suh that πG∗A˜ = A, πG∗B˜ = B. Therefore, if on SO(M)/G we
onsider the vertial vetors U and V and the horizontal vetors H and K, then
Φ(U, V ) = 0, Φ(U,H) = 0, Φ(H,K) = φπG∗Ω(H˜, K˜)
∗
m = φπG∗dω(H˜, K˜)
∗
m.
Next, we reall some useful fats proved in [28, Corollary 2.4 and Proposition 2.7℄.
Lemma 3.1 ( [28℄). We have
(i) ∇cAV˜ = ∇AV˜ − [φA, V˜ ].
(ii) φ(∇qAB)−∇
c
AφB =
1
2 {[φA, φB]m− Φ(A,B)} ,
for all A,B ∈ X(SO(M)/G) and V˜ ∈ Γ∞(mSO(M)).
From here, we obtain
(3.7) φ(∇qAV ) = ∇
c
AφV +
1
2
[φA, φV ]m = ∇AφV −
1
2
[φA, φV ]m− [φA, φV ]g,
for all A ∈ X(SO(M)/G) and V ∈ Γ∞(V).
Remark 3.2. (1) The Lie braket on π∗ so(M) is dened by
[(pG,ϕm), (pG,ψm)] = (pG, [ϕm, ψm]) = (pG,ϕm ◦ ψm − ψm ◦ ϕm).
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(2) Given a G-struture σ : M → SO(M)/G, the bundle σ∗π∗ so(M) is identied with
so(M) by the bijetion map prπ2 ◦ pr
σ
2 : (m, (σ(m), ϕm)) 7→ ϕm and likewise, σ
∗ gSO(M)
∼= gσ
and σ∗mSO(M) ∼= mσ. With respet to setions, if ϕ ∈ Γ
∞(so(M)) then pG → (pG,ϕπ(pG))
belongs to Γ∞(π∗ so(M)) and onversely, if ϕ˜ ∈ Γ∞(mSO(M)) (respetively, ϕ˜ ∈ Γ
∞(gSO(M))),
then m→ prπ2 ϕ˜σ(m) is in Γ
∞(mσ) (respetively, in Γ
∞(gσ)).
Now, we onsider the set of all possible G-strutures on a losed and oriented Riemannian
manifold (M, 〈·, ·〉). As it has been already mentioned, this set is identied with the manifold
Γ∞(SO(M)/G) of all global setions σ : M → SO(M)/G. Then the energy of the G-struture
is dened as the energy of the orresponding setion σ, given by the integral
(3.8) E(σ) =
1
2
∫
M
‖σ∗‖
2dv,
where ‖σ∗‖
2
is the norm of the dierential σ∗ of σ with respet to the metris 〈·, ·〉 and
〈·, ·〉SO(M)/G, and dv denotes the volume form on (M, 〈·, ·〉). On the domain of a loal orthonor-
mal frame eld {e1, . . . , en} on M , ‖σ∗‖
2
an be expressed as ‖σ∗‖
2 = 〈σ∗ei, σ∗ei〉SO(M)/G.
Furthermore, from (3.8) and using (3.6), it is obtained that the energy E(σ) of σ is given by
E(σ) =
n
2
Vol(M) +
1
2
∫
M
‖φσ∗‖
2dv.
We will all the total bending of the G-struture σ to the relevant part of this formula B(σ) =
1
2
∫
M ‖φσ∗‖
2dv. Beause we will show that φσ∗ = −ξ
G
, the total bending provides a measure
of how the G-struture σ fails to be parallel. Here, we are doing the identiation σ∗mSO(M) ∼=
mσ pointed out in Remark 3.2.
Theorem 3.3. If σ is a global setion of SO(M)/G then φσ∗ = −ξ
G
, where ξG is the intrinsi
torsion of the G-struture determined by σ, and the total bending of the G-struture σ is given
by
B(σ) =
1
2
∫
M
‖ξG‖2 dv.
Proof. For X ∈ TmM , we will ompute φσ∗X. If ℘ = {e1, . . . , en} : U → G(M) is a loal
frame eld adapted to the G-struture σ with m ∈ U, then π
SO(n) ◦℘ = IdU and taking
πG|G(M) = σ ◦πSO(n) into aount, we have σ∗ = πG∗ ◦℘∗. Therefore, we get
φ(σ∗X) = φ(v(σ∗X)) = φ(v(πG∗℘∗X)) = φ
(
πG∗(ω(℘∗X)jiu
♭
i ⊗ uj)
∗
)
= φ
(
(πG∗(ω(℘∗X)ji)mu
♭
i ⊗ uj)
∗
)
=
(
σ(m), (ω(℘∗X)ji)me
♭
i ⊗ ej
)
.
Thus, from (2.3), we have
φσ∗X = (σ(m),−ξ
G
X )
and
‖φσ∗‖
2 = 〈φσ∗(ei)), φ σ∗(ei)〉 = 〈(σ, ξ
G
ei), (σ, ξ
G
ei)〉 = 〈ξ
G
ei , ξ
G
ei〉 = ‖ξ
G‖2.
Now, the theorem follows using the above identiation σ∗mSO(M) ∼= mσ . 
Some immediate onsequenes of last Theorem, most of them already proved in [28℄, are
given in the following orollary.
Corollary 3.4. The following onditions are equivalent:
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(i) σ∗X is horizontal, for all X ∈ TM .
(ii) σ is a parallel G-struture, i.e., ξG = 0, or ∇G is torsion-free.
(iii) σ is an isometri immersion.
(iv) ∇ an be redued to a G-onnetion.
Next, we determine the Euler-Lagrange equation or the ritial point ondition for the en-
ergy funtional E on losed and oriented Riemannian manifolds. If we onsider a smooth
variation σt ∈ Γ
∞(SO(M)/G) of σ = σ0, then the orresponding variation eld m →
ϕ(m) = ddt |t=0σt(m) is a setion of the pullbak bundle σ
∗V over M . Thus, the tangent
spae TσΓ
∞(SO(M)/G) is identied with the spae Γ∞(σ∗V) of global setions of σ∗V [22℄.
Beause φ determines also an identiation σ∗V ∼= mσ by the bijetion
(m,πG∗σ(m)a
∗
σ(m)) 7→ ϕm = aji p(ui)
♭ ⊗ p(uj),
where a = (aij) ∈ m and p ∈ G(M) with π
SO(n)(p) = m, we an identify the tangent spae
TσΓ
∞(SO(M)/G) with Γ∞(mσ).
In following results, we will onsider the oderivative d∗ξG of the intrinsi torsion ξG, whih
is dened by
(d∗ξG)m(X) = −(∇eiξ
G)eiX,
where {e1, . . . , en} is any orthonormal frame on m ∈ M . In a rst instane, d
∗ξG is a global
setion of so(M) = gσ ⊕mσ.
Lemma 3.5. The oderivative d∗ξG is a global setion of mσ and is given by
(3.9) d∗ξG = −(∇Geiξ
G)ei − ξ
G
ξGeiei
.
Proof. Beause ∇G = ∇ + ξG, it follows that d∗ξG = −(∇Geiξ
G)ei + (ξ
G
eiξ
G)ei . But one an
hek that (ξGeiξ)ei = −ξ
G
ξGeiei
. Thus, Equation (3.9) is obtained. It is obvious that ξG
ξGeiei
is
in mσ. Sine ∇
G
is a G-onnetion, ∇G preserves the G-type of a tensor. Therefore, from
ξGX ∈ mσ, it follows that (∇
G
eiξ
G)ei ∈ mσ. 
Theorem 3.6 (The rst variation formula). If (M, 〈·, ·〉) a losed and oriented Riemannian
manifold and σ a global setion of SO(M)/G, then, for all ϕ ∈ Γ∞(mσ) ∼= TσΓ
∞(SO(M)/G),
we have
dEσ(ϕ) = −
∫
M
〈ξG,∇ϕ〉dv = −
∫
M
〈d∗ξG, ϕ〉dv,
where ξG is the intrinsi torsion of σ.
Proof. We will also denote by ϕ the setion in Γ∞(σ∗V) whih is identied with ϕ ∈ Γ∞(mσ),
i.e., pr
π
2φϕ = ϕ. If Iε1 =]− ε1, ε1[→ Γ
∞(SO(M)/G), t→ σt, is a urve suh that σ0 = σ, and
(σt)
′(0) = ϕ, then we obtain
dEσ(ϕ) =
d
dt |t=0
E(σt) =
1
2
∫
M
d
dt |t=0
〈v σt∗, v σt∗〉SO(M)/Gdv
=
∫
M
〈v σ∗,
∇q
dt |t=0
v σt∗〉SO(M)/Gdv.
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Now, sine π have totally geodesi bres and the tangent vetor (σt(m))
′
t=0 = ϕ(m) of the
urve t→ σt(m) is vertial, it follows
〈v σ∗,
∇q
dt |t=0
v σt∗〉SO(M)/G = 〈v σ∗,
∇q
dt |t=0
σt∗〉SO(M)/G.
Next, if Iε2 =]− ε2, ε2[→M , s→ γ(s), is a urve suh that γ(0) = m and γ
′(0) = X and we
onsider the smooth map Iε1 × Iε2 → SO(M)/G dened by (t, s)→ σt(γ(s)), then we obtain
∇q
∂t |t=0
∂
∂s |s=0
(σt(γ(s))) =
∇q
dt |t=0
(σt∗mX) =
∇q
∂s |s=0
∂
∂t |t=0
(σt(γ(s))) =
∇q
ds |s=0
ϕ(γ(s)).
Therefore,
〈v σ∗X,
∇q
dt |t=0
σt∗X〉SO(M)/G = 〈v σ∗X,
∇q
ds |s=0
ϕ(γ(s))〉SO(M)/G
= 〈φσ∗X,φ
∇q
ds |s=0
ϕ(γ(s))〉.
Hene, using (3.7), we get
〈v σ∗X,
∇q
dt |t=0
σt∗X〉SO(M)/G = 〈φσ∗X,
∇
ds |s=0
φϕ(γ(s)) −
1
2
[φσ∗X,φϕ]m〉
= 〈φσ∗X,
∇
ds |s=0
φϕ(γ(s))〉,
where we have used that SO(n)/G is a normal homogeneous Riemannian manifold and
∇
ds |s=0
φϕ(γ(s)) means the ovariant derivative along the urve s→ σ(γ(s)). Finally, sine by
Equation (3.5) we have
∇
ds |s=0
φϕ(γ(s)) =
(
σ(γ(0)),
∇
ds |s=0
pr
π
2φϕ(γ(s))
)
,
then we obtain
〈v σ∗X,
∇q
dt |t=0
σt∗X〉SO(M)/G = 〈pr
π
2φσ∗X,
∇
ds |s=0
pr
π
2φϕ(γ(s))〉
= −〈ξGX ,∇Xpr
π
2φϕ〉.
From this, and taking into aount that pr
π
2φϕ = ϕ, we will get the required identity
(3.10) dEσ(ϕ) = −
∫
M
〈ξG,∇ϕ〉dv.
On the other hand, we have the equality
〈ξG,∇ϕ〉 = div(ξG)tϕ+ 〈d∗ξG, ϕ〉,
where t means the transpose operator whih is applied to any setion Ψ ∈ Γ∞(T∗M ⊗ so(M))
and dened by Ψt : so(M) → X(M), 〈Ψtϕ,X〉 = 〈ΨX , ϕ〉. Using last identity in Equation
(3.10), we will nally have the another expression for dEσ(ϕ) required in Theorem. 
Theorem 3.7. Under the same assumptions as in Theorem 3.6, the following onditions are
equivalent:
(i) σ is a ritial point for the energy funtional on Γ∞(SO(M)/G).
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(ii) d∗ξG = 0.
(iii) (∇Geiξ
G)ei = −ξ
G
ξGeiei
.
(iv) If TG is the torsion of the minimal onnetion ∇G, then
(a) 〈(∇eiT
G)(X,Y ), ei〉 = 0, for all X,Y ∈ X(M), and
(b) d∗TG is a skew-symmetri endomorphism, i.e., d∗TG ∈ so(M).
Proof. An immediate onsequene of Theorem 3.6 and Lemma 3.5 is that onditions (i) and (ii)
are equivalent. The equivalene of (iii) follows from Equation (3.9). Finally, the equivalene
of the onditions in (iv) is a diret onsequene of the identity
2〈(∇Xξ
G)Y Z,U〉 = 〈Y, (∇XT
G)(Z,W )〉 − 〈Z, (∇XT
G)(W,Y )〉+ 〈W, (∇XT
G)(Y,Z)〉.

For general Riemannian manifolds (M, 〈·, ·〉), not neessarily losed and oriented, we will
say that a G-struture σ is harmoni, if it satises d∗ξG = 0.
Theorem 3.8 (The seond variation formula). With the same assumptions as in Theo-
rem 3.6, if σ is a harmoni G-struture, then the Hessian form (Hess E)σ on Γ
∞(mσ) ∼=
TσΓ
∞(SO(M)/G) is given by
(Hess E)σϕ =
∫
M
(
‖∇ϕ‖2 −
1
2
‖[ξG, ϕ]mσ‖
2 + 〈∇ϕ, 2[ξG, ϕ]− [ξG, ϕ]mσ〉
)
dv.
In partiular, if [m,m] ⊂ g or equivalently SO(n)/G is loally symmetri, then
(Hess E)σϕ =
∫
M
(
‖∇ϕ‖2 − 2‖[ξG, ϕ]‖2
)
dv.
Proof. From results ontained in the proof of Theorem 3.6, relative to the rst variation
formula, we have
d
dt |t=0
dEσt(ϕ) =
∫
M
d
dt |t=0
〈v σt∗,
∇q
dt |t=t
σt∗〉SO(M)/Gdv.
But using the same arguments as in the referred proof, we will get
d
dt |t=0
〈v σt∗X,
∇q
dt |t=t
σt∗X〉SO(M)/G =
d
dt |t=0
〈v σt∗X ,
∇q
ds |s=0
ϕt(γ(s))〉SO(M)/G,
where s → γ(s) is a urve in M suh that γ(0) = m and γ′(0) = X, (σt)
′
t=t0(m) = ϕt0(m),
and
∇q
ds |s=0
is the ovariant derivative along the urve s→ σt(γ(s)). From last identity, using
that the bers are totally geodesi, it follows
d
dt |t=0
〈v σt∗X,
∇q
dt |t=t
σt∗X〉SO(M)/G = ‖v
∇q
ds |s=0
ϕ(γ(s))‖2SO(M)/G,
+〈v σ∗X,
∇q
dt |t=0
∇q
ds |s=0
ϕt(γ(s))〉SO(M)/G.
Now, from (3.7), the rst summand is expressed as
(3.11) ‖v
∇q
ds |s=0
ϕ(γ(s))‖2SO(M)/G = ‖φ
∇q
ds |s=0
ϕ(γ(s))‖2 = ‖∇Xϕ+
1
2
[ξGX , ϕ]mσ + [ξ
G
X , ϕ]gσ‖
2
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and the seond summand an be given by
〈v σ∗X,
∇q
dt |t=0
∇q
ds |s=0
ϕt(γ(s))〉SO(M)/G = 〈v σ∗X,
∇q
ds |s=0
∇q
dt |t=0
ϕt(γ(s))〉SO(M)/G
+〈Rq(ϕ(m), vσ∗X)ϕ(m), v σ∗X〉SO(M)/G,
where Rq(A,B) = ∇q[A,B] − [∇
q
A,∇
q
B ] is the Riemannian urvature tensor of 〈·, ·〉SO(M)/G and
we have used that π has totally geodesi bres. On one hand, by using similar arguments as
in the proof of Theorem 3.6, we get
〈v σ∗X,
∇q
ds |s=0
∇q
dt |t=0
ϕt(γ(s))〉SO(M)/G = 〈φσ∗X,φ
∇q
ds |s=0
(σt)
′′
t=0(γ(s))〉(3.12)
= −〈ξGX ,∇Xpr
π
2 (σt)
′′
t=0(m)〉.
Additionally, sine σ is harmoni, d∗ξG = 0, we have the identity
(3.13) 〈ξG,∇prπ2 (σt)
′′
t=0(m)〉 = div(ξ
G)tprπ2 (σt)
′′
t=0(m).
On the other hand, in order to ompute 〈Rq(ϕ(m), vσ∗X)ϕ(m), v σ∗X〉SO(M)/G, note that
the v∇qϕψ is a well dened onnetion on the bres of π. In our ase, v∇
q
ϕψ = ∇
q
ϕψ and
the orresponding Riemannian urvature tensor Rv is suh that Rv(ϕ,ψ1)ψ2 = R
q(ϕ,ψ1)ψ2.
Therefore,
〈Rq(ϕ(m), vσ∗X)ϕ(m), v σ∗X〉SO(M)/G = 〈R
v(ϕ(m), vσ∗X)ϕ(m), v σ∗X〉SO(M)/G.
Now, using (3.7), we get
φv∇qϕ(m)v∇
q
vσ∗X
ϕ =
1
4
[φϕ, [φσ∗X,φϕ]m]m+
1
2
[φϕ, [φσ∗X,φϕ]g]m
+
1
2
[φϕ, [φσ∗X,φϕ]m]g+ [φϕ, [φσ∗X,φϕ]g]g,
φv∇q
vσ∗X
v∇qϕ(m)ϕ = 0,
φv∇q[ϕ,σ∗X]ϕ = −
1
2
[φϕ, [φσ∗X,φϕ]m]m−
1
2
[φϕ, [φσ∗X,φϕ]g]m,
−[φϕ, [φσ∗X,φϕ]m]g− [φϕ, [φσ∗X,φϕ]g]g.
From these identities and beause with the indued metri by the inner produt 〈·, ·〉 on so(n)
is bi-invariant, it is not hard to dedue
〈Rv(ϕ(m), vσ∗X)ϕ(m), v σ∗X〉SO(M)/G = −
3
4
‖[ξGX , ϕ]mσ‖
2 − 〈[ϕ, [ξGX , ϕ]gσ ]mσ , ξ
G
X〉(3.14)
= −
3
4
‖[ξGX , ϕ]mσ‖
2 − ‖[ξGX , ϕ]gσ‖
2.
The required formula for the seond variation follows from (3.11), (3.12), (3.13) and (3.14).
For the last part of the theorem, we use that ∇ϕ = ∇Gϕ− [ξ, ϕ] and ∇Gϕ ∈ Γ∞(mσ). 
For studying harmoniity as a map of G-strutures, we need to onsider ∇σ∗, where
(∇Xσ∗) (Y ) = ∇
q
Xσ∗Y − σ∗(∇XY ), for all X,Y ∈ X(M). Here as before, ∇
q
also denotes the
indued onnetion on σ∗TSO(M)/G.
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Lemma 3.9. If R(X,Y ) = ∇[X,Y ]−[∇X ,∇Y ] is the urvature Riemannian tensor of (M, 〈·, ·〉)
and σ is a G-struture on M , then
σ∗Φ(X,Y ) = −(∇Xξ
G)Y + (∇Y ξ
G)X − 2[ξ
G
X , ξ
G
Y ] + [ξ
G
X , ξ
G
Y ]mσ = −R(X,Y )mσ .
Proof. If ℘ : U → G(M) is a loal setion of the redued bundle G(M) ⊆ SO(M), then
Φσ(m)(σ∗X,σ∗Y ) = φπG∗℘(m)Ω(℘∗X,℘∗Y )
∗
m = (σ(m),−R(X,Y )mσ) = −R(X,Y )mσ
(see [15, Proposition 4.5℄). Now, if we use ∇G = ∇ + ξG in the expression for R, it is not
hard to see that
R(X,Y ) = RG(X,Y ) + (∇GXξ
G)Y − (∇
G
Y ξ
G)X + ξ
G
ξG
X
Y
− ξG
ξG
Y
X
− [ξGX , ξ
G
Y ],
where RG(X,Y ) = ∇G[X,Y ] − [∇
G
X ,∇
G
Y ]. Finally, sine R
G ∈ Λ2T ∗M ⊗ gσ, ξ
G ∈ T ∗M ⊗ mσ
and ∇G is a G-onnetion, we get
R(X,Y )mσ = (∇
G
Xξ
G)Y − (∇
G
Y ξ
G)X + ξ
G
ξG
X
Y
− ξG
ξG
Y
X
− [ξGX , ξ
G
Y ]mσ
= (∇Xξ
G)Y − (∇Y ξ
G)X + 2[ξ
G
X , ξ
G
Y ]− [ξ
G
X , ξ
G
Y ]mσ .
From all of this, Lemma follows. Finally, note also that R(X,Y )gσ = R
G(X,Y )− [ξGX , ξ
G
Y ]gσ .

If σ∗Φ = 0, the G-struture σ is referred as at G-struture. By the nal remark in the
proof of last Lemma, this notion is haraterised by R(X,Y ) = RG(X,Y )−[ξGX , ξ
G
Y ]gσ ∈ S
2 gσ.
Therefore, the intrinsi torsion of a at G-struture has not ontributions in the G-omponents
of R orthogonal to S2 gσ. Thus, R is in the spae of algebrai urvature tensors for manifolds
with parallel G-struture.
Now we have the tools to show some results (Theorem 3.10, Theorem 3.11 and Theorem
3.12) whih are versions of Wood's results given in [28℄, expressed in terms of the intrinsi
torsion ξG and the Riemannian urvature tensor R. But we rstly reall that a G-struture
σ is said to be totally geodesi, if ∇σ∗ = 0. In suh a situation, σ(M) is a totally geodesi
submanifold of SO(M)/G. Weaker onditions an be onsidered by saying that aG-struture σ
is vertially geodesi (resp., horizontally geodesi), if the vertial omponent (resp., horizontal
omponent) of ∇σ∗ vanishes. In these situations, σ send geodesis to path with horizontal
(resp., vertial) aeleration.
Theorem 3.10. If σ is a G-struture on (M, 〈·, ·〉), then:
(a) φ(∇Xσ∗)Y = −
1
2
(
(∇Xξ
G)Y + (∇Y ξ
G)X
)
. Therefore, σ is vertially geodesi if and
only if (∇Xξ
G)X = 0. In partiular, if σ is vertially geodesi, then σ is a harmoni
G-struture.
(b) 2〈π∗(∇Xσ∗)Y,Z〉 = 〈ξ
G
X , R(Y,Z)〉 + 〈ξ
G
Y , R(X,Z)〉. Therefore, σ is horizontally geo-
desi if and only if 〈ξGX , R(Y,Z)〉 is a skew-symmetri three-form. In partiular, if σ
is a at G-struture, then σ is horizontally geodesi.
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Proof. For (a). Using Lemma 3.1 , we have
φ (∇Xσ∗)Y = ∇
c
σ∗Xφσ∗Y +
1
2
{[φσ∗X,φσ∗Y ]m− Φ(σ∗X,σ∗Y )} − φσ∗(∇XY )
= ∇σ∗Xφσ∗Y − [φσ∗X,φσ∗Y ] +
1
2
[φσ∗X,φσ∗Y ]m
−φσ∗(∇XY )−
1
2
Φ(σ∗X,σ∗Y ).
Now, taking φσ∗ = −ξ
G
into aount and using Lemma 3.9, the required identity in (a)
follows.
For (b). In [28, Theorem 3.4 (ii)℄, it is proved that
2〈π∗ (∇Xσ
∗)Y,Z〉 = 〈φσ∗X,Φ(σ∗Y, σ∗Z)〉+ 〈φσ∗Y,Φ(σ∗X,σ∗Z)〉.
Sine φσ∗ = −ξ
G
and Φ(σ∗Y, σ∗Z〉 = −R(Y,Z)mσ , (b) follows. 
Next, we ompute the respetive vertial and horizontal omponents of the tension eld
τ(σ) = (∇qeiσ∗) (ei) used in variational problems [22℄. Given a G-struture σ on a losed
Riemannian manifold (M, 〈·, ·〉), the map (M, 〈·, ·〉) 7→ (SO(M)/G, 〈·, ·〉SO(M)/G) is harmoni,
i.e., σ is a ritial point for the energy funtional on C∞(M, SO(M)/G), if and only if τ(σ)
vanishes. Beause variations vetor elds of smooth variations of σ through setions belong to
Γ∞(σ∗V), it follows that harmoni setions are haraterised by the vanishing of the vertial
omponent of τ(σ). By Theorem 3.10(a), it follows φτ(σ) = −(∇eiξ
G)ei = d
∗ξG whih
oinides with the above exposed relative to harmoni G-strutures. Sine, by Theorem
3.10(b), the horizontal omponent of τ(σ) is determined by the horizontal lift of the vetor
eld metrially equivalent to the one-form 〈ξGei , R(ei,X)〉, then next result follows.
Theorem 3.11. A G-struture σ on a losed and oriented Riemannian manifold (M, 〈·, ·〉)
is a harmoni map if and only if σ is a harmoni G-struture suh that 〈ξGei , R(ei,X)〉 = 0.
Therefore, if σ is at, then σ is a harmoni map if and only if σ is a harmoni G-struture.
Suh a G-struture σ is said to determine a harmoni map, even when M is possibly
non-ompat or non-orientable and if v (∇·vσ∗) · = 0, the G-struture σ is alled super-at.
Theorem 3.12. We have
φ(∇Xvσ∗)(Y ) = −
1
2
(
(∇Xξ
G)Y + (∇Y ξ
G)X +R(X,Y )mσ
)
.
Therefore, σ is super-at if and only if σ is at and totally geodesi. In partiular, a parallel
G-struture is super-at.
Proof. Using Lemma 3.1, we have
φ (∇Xvσ∗)Y = φ(∇Xσ∗)Y − φ∇
q
Xhσ∗Y = φ(∇Xσ∗)Y +
1
2
Φ(σ∗X,σ∗Y ).
Then, the identity follows using Lemma 3.9 and Theorem 3.10. Finally, note that if σ is
super-at, then the vanishing of the symmetri part for X and Y of φ(∇Xvσ∗)Y implies that
σ is vertially geodesi. Meanwhile, the vanishing of the skew-symmetri part for X and Y
implies that σ is at. 
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Relevant types of diverse G-strutures are haraterised by saying that its intrinsi torsion
ξG is metrially equivalent to a skew-symmetri three-form, that is, ξGXY = −ξ
G
YX. Now we
will show some fats satised by suh G-strutures.
Proposition 3.13. For a G-struture σ suh that ξGXY = −ξ
G
YX, we have:
(i) If [ξGX , ξ
G
Y ] ∈ gσ, for all X,Y ∈ X(M), then 〈R(X,Y )mσX,Y 〉 = 2〈ξXY, ξXY 〉. There-
fore, σ is parallel if and only if σ is at if and only if σ is super-at.
(ii) If σ is a harmoni G-struture, then σ is also a harmoni map.
Proof. For (i). Beause the ondition ξGXY = −ξ
G
YX implies that (∇Xξ
G)Y Z = −(∇Xξ
G)ZY
and (∇GXξ)Y Z = −(∇
G
Xξ)ZY, we will get the required identity in (i) by using the expression
for R(X,Y )mσ ontained in Lemma 3.9.
For (ii). Applying the rst Bianhi's identity, we have
〈ξGei , R(ei,X)〉 =
1
3
〈ξGeiej , ek〉 (〈R(ej , ek)ei,X〉 + 〈R(ek, ei)ej ,X〉 + 〈R(ei, ej)ek,X〉) = 0.

In next Setion, we will study harmoniity of almost Hermitian metri strutures. Suh
strutures are examples of G-strutures dened by means of one or several (r, s)-tensor elds
Ψ whih are stabilised under the ation of G, i.e., g ·Ψ = Ψ, for all g ∈ G. Moreover, it will
be possible haraterise the harmoniity of suh G-strutures by onditions given in terms
of those tensors Ψ. The onnetion Laplaian (or rough Laplaian) [15℄ ∇∗∇Ψ will play a
relevant rle in suh onditions. We reall that
∇∗∇Ψ = −
(
∇2Ψ
)
ei,ei
,
where {e1, . . . , en} is an orthonormal frame eld and (∇
2Ψ)X,Y = ∇X(∇YΨ)−∇∇XYΨ. Next
Lemma provides an expression for ∇∗∇Ψ in terms of ∇G and ξG whih will be useful in the
sequel.
Lemma 3.14. Let (M, 〈·, ·〉) be an oriented Riemannian n-manifold equipped with a G-
struture, where the Lie group G is losed, onneted and G ⊆ SO(n). If Ψ is a (r, s)-tensor
eld on M whih is stabilised under the ation of G, then
∇∗∇Ψ =
(
∇Geiξ
G
)
ei
Ψ+ ξGξGeiei
Ψ− ξGei(ξ
G
eiΨ).
Moreover, if the G-struture is harmoni, then ∇∗∇Ψ = −ξGei(ξ
G
eiΨ).
Proof. Sine ∇G is a G-onnetion and Ψ is stabilised under the ation of G, then ∇GΨ = 0.
Taking ∇G = ∇+ ξG into aount, this implies that ∇Ψ = −ξGΨ. Therefore,
(∇2Ψ)X,Y = −∇X(ξ
G
Y Ψ) + ξ
G
∇XYΨ = −∇
G
X(ξ
G
Y Ψ) + ξ
G
X(ξ
G
Y Ψ) + ξ
G
∇XYΨ.
Beause the presene of the metri 〈·, ·〉, any (r, s)-tensor eld onM is metrially equivalent to
a (0, r+s)-tensor eld. Therefore, we have only to make the proof for ovariant tensors elds.
Thus, we an assume that Ψ is a (0, s)-tensor eld on M . By a straightforward omputation
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we get
∇GX(ξ
G
YΨ)(Z1, . . . , Zs) = −
sX
i=1
X
“
Ψ(Z1, . . . , ξ
G
Y Zi, . . . , Zs)
”
+
sX
i=1
Ψ(Z1, . . . , ξ
G
Y∇
G
XZi, . . . , Zs)
+
sX
i,j=1
i6=j
Ψ(Z1, . . . , ξ
G
Y Zi, . . . ,∇
G
XZj , . . . , Zs).
Now using ∇GΨ = 0, we have
s∑
i=1
X
(
Ψ(Z1, . . . , ξ
G
Y Zi, . . . , Zs)
)
=
s∑
i=1
Ψ(Z1, . . . ,∇
G
Xξ
G
Y Zi, . . . , Zs)
+
s∑
i,j=1
i6=j
Ψ(Z1, . . . , ξ
G
Y Zi, . . . ,∇
G
XZj, . . . , Zs).
Taking this identity into aount in the expression for ∇GX(ξ
G
Y Ψ), we will obtain ∇
G
X(ξ
G
Y Ψ) =
(∇GXξ
G)YΨ+ ξ
G
∇G
X
Y
Ψ. Therefore, for the seond ovariant derivative we get
(∇2Ψ)X,Y = −(∇
G
Xξ
G)YΨ− ξ
G
∇G
X
YΨ+ ξ
G
∇XYΨ+ ξ
G
X(ξ
G
Y Ψ),
whih proves the required expression for ∇∗∇Ψ. 
4. Harmoni almost Hermitian strutures
An almost Hermitian manifold is a 2n-dimensional Riemannian manifold (M, 〈·, ·〉) equipped
with an almost omplex struture J ompatible with the metri, that is, J2 = −Id and
〈JX, JY 〉 = 〈X,Y 〉, for all vetor elds X, Y . Assoiated to the almost Hermitian struture,
the two-form ω = 〈·, J ·〉, alled the Kähler form, is usually onsidered. Using ω, M an be
oriented by xing a onstant multiple of ωn = ω ∧ . . .(n ∧ ω as volume form. Likewise, the
presene of an almost Hermitian struture is equivalent to say that M is equipped with a
U(n)-struture. It is well known that U(n) is a losed and onneted subgroup of SO(2n) and
SO(2n)/U(n) is redutive; in fat, it is a Riemannian symmetri spae . Moreover, we have
the deomposition into U(n)-modules so(M) = u(n)(M)⊕m(M). We will omit the subindex
σ used in previous Setions. Also, as in referenes, we shall simply denote u(n)(M) and m(M)
by u(n) and u(n)⊥. The bundle u(n) (resp., u(n)⊥) onsists of those skew-symmetri endo-
morphisms A on tangent vetors suh that AJ = JA (resp., AJ = −JA). The identiation
bA(·, ·) = 〈A·, ·〉 implies Λ
2
T
∗M ∼= so(M). Therefore, Λ2T∗M = u(n) ⊕ u(n)⊥, where in
this ase u(n) (resp., u(n)⊥) onsists of those two-forms on M whih are Hermitian (resp.,
anti-Hermitian), i.e., b(J ·, J ·) = b(·, ·) (resp., b(J ·, J ·) = −b(·, ·)).
The minimal U(n)-onnetion is given by ∇U(n) = ∇+ ξU(n), with
(4.15) ξ
U(n)
X Y = −
1
2J (∇XJ)Y,
(see [7℄). Moreover, ξU(n) ∈ T∗M ⊗ u(n)⊥ is equivalent to the ondition
ξU(n)J + JξU(n) = 0.
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Sine U(n) stabilises the Kähler form ω, it follows that ∇U(n)ω = 0. Taking this into aount,
ξU(n) ∈ T∗M ⊗ u(n)⊥ implies ∇ω = −ξU(n)ω ∈ T∗M ⊗ u(n)⊥. Thus, one an identify the
U(n)-omponents of ξU(n) with the U(n)-omponents of ∇ω:
(1) if n = 1, ξU(1) ∈ T∗M ⊗ u(1)⊥ = {0};
(2) if n = 2, ξU(2) ∈ T∗M ⊗ u(2)⊥ = W2 ⊕W4;
(3) if n > 3, ξU(n) ∈ T∗M ⊗ u(n)⊥ = W1 ⊕W2 ⊕W3 ⊕W4.
Here the summands Wi are the irreduible U(n)-modules given by Gray and Hervella in [13℄.
In the following, we will merely write ξ = ξU(n) and ξ(i) will denote the omponent inWi of the
intrinsi torsion ξ. For one-forms θ, we will stand Jθ(X) = −θ(JX), for all X ∈ X(M). The
one-form Jd∗ω is a onstant multiple of the Lee one-form whih determines the W4-part of
the intrinsi torsion ξ [13℄. Moreover, from (4.15), we will have 2〈ξXY,Z〉 = −(∇Xω)(Y, JZ).
Now, using this last identity, it is obtained that the vetor eld ξeiei whih take part in the
harmoniity riteria (see Theorem 3.7) is given by 2ξeiei = −J(d
∗ω)♯.
Theorem 4.1. For an almost Hermitian 2n-manifold (M, 〈·, ·〉, J) with Kähler form ω, we
have that the following onditions are equivalent:
(i) The almost Hermitian struture is harmoni.
(ii) [J,∇∗∇J ] = 0, where [·, ·] denotes the ommutator braket for endomorphisms.
(iii) ∇∗∇ω is a Hermitian two-form.
(iv) ∇∗∇ω(X,Y ) = −4ω(ξeiX, ξeiY ), for all X,Y ∈ X(M).
Remark 4.2. Condition (ii) represents the Euler-Lagrange equations given in [26℄ for the
harmoni almost Hermitian struture determined by J .
Proof. Using Theorem 3.7, Lemma 3.14 and ξJ = −Jξ, it follows that (i) implies (iv) and
(iv) implies (
(∇U(n)ei ξ)ei + ξξeiei
)
ω = 0.
But note that the map A→ −ω(A·, ·) − ω(·, A·) from u(n)⊥ ⊆ so(2n) to u(n)⊥ ⊆ Λ2T∗M is
an U(n)-isomorphism. Therefore, (∇
U(n)
ei ξ)ei + ξξeiei = 0.
Taking into aount that (∇
U(n)
ei ξ)eiω, ξ
U(n)
ξeiei
ω belong to u(n)⊥, the equivalene between
(iii) and (iv) is an immediate onsequene of Lemma 3.14 and ξJ = −Jξ.
Beause we have (∇Xω)(Y,Z) = 〈Y, (∇XJ)Y 〉, it follows that
(∇∗∇ω)(X,Y ) = 〈X, (∇∗∇J)Y 〉.
This implies the equivalene between (ii) and (iii). 
Trierri and Vanheke [21℄ gave a omplete deomposition of the Riemannian urvature
tensor R of an almost Hermitian manifold M into irreduible U(n)-omponents. These divide
naturally into two groups, one forming the spae K = K(u(n)) of algebrai urvature tensors
for a Kähler manifold (haraterised by ξ = 0), and the other, K⊥, being its orthogonal
omplement. Additionally, Falitelli et al. [7℄ showed that the omponents of R in K⊥ are
linearly determined by the ovariant derivative ∇ξ. By using the minimal U(n)-onnetion
∇U(n) of M , Falitelli et al. display some tables whih show whether or not the tensors
∇U(n)ξ(i) and ξ(i) ⊙ ξ(j) ontribute to the omponents of R in K
⊥
. Some variations of suh
tables have been given in [16℄. Explanations for these variations are based in Equation (4.17)
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given below. All of this has provided a unied approah to many of the urvature results
obtained by Gray [12℄.
For studying some omponents of R, it is neessary to onsider the usual Rii urvature
tensor Ric, assoiated to the metri struture, and another tensor Ric∗, alled the ∗-Rii
urvature tensor, assoiated to the almost Hermitian struture and dened by Ric∗(X,Y ) =
〈RX,eiJY, Jei〉.
In general, Ric∗ is not symmetri. However, beause Ric∗(JX, JY ) = Ric∗(Y,X), it an be
laimed that its Hermitian part oinides with its symmetri part Ric∗
s
, and its anti-Hermitian
part is equal to its skew-symmetri part Ric∗
alt
. Under the ation of U(n), Ric∗ is deomposed
into Ric∗ = Ric∗
s
+Ric∗
alt
, where Ric∗
s
∈ R〈·, ·〉 ⊕ su(n)s ⊆ S
2
T
∗M and Ric∗
alt
∈ u(n)⊥ ⊆
Λ2T∗M [21℄. Beause in the present work the tensor Ric∗
alt
will play a speial rle, we reall
the following result.
Lemma 4.3 ( [16℄). IfM be is an almost Hermitian 2n-manifold with minimal U(n)-onnetion
∇U(n) = ∇+ ξ, then the skew-symmetri part Ric∗
alt
of the ∗-Rii tensor is given by
Ric∗
alt
(X,Y ) = −〈ξJξeieiJX, Y 〉+ 〈(∇
U(n)
ei ξ)JeiJX, Y 〉.(4.16)
From the fat d2ω = 0, writing d2ω by means of ∇U(n) and ξ, the identity
(4.17)
0 = 3〈(∇
U(n)
ei ξ(1))eiX,Y 〉 − 〈(∇
U(n)
ei ξ(3))eiX,Y 〉+ (n− 2)〈(∇
U(n)
ei ξ(4))eiX,Y 〉
+〈ξ(3)Xei, ξ(1)eiY 〉 − 〈ξ(3)Y ei, ξ(1)ei
X〉+ 〈ξ(3)Xei, ξ(2)eiY 〉 − 〈ξ(3)Y ei, ξ(2)eiX〉
−
n− 5
n− 1
〈ξ(1)ξ(4)eiei
X,Y 〉 −
n− 2
n− 1
〈ξ(2)ξ(4)eiei
X,Y 〉+ 〈ξ(3)ξ(4)eiei
X,Y 〉
was dedued in [16℄. Here, we will make use of (4.17) below. Likewise, we need to point out
that ξ(4) ξeiei = 0. In fat, this diretly follows from the expression for ξ(4) [13℄ given by
(4.18) 〈ξ(4)XY, JZ〉 = −
1
4(n− 1)
{
X♭ ∧ d∗ω(Y,Z)− JX♭ ∧ Jd∗ω(Y,Z)
}
.
Some results proved in [26℄ are reovered in Theorem 4.5 below whih is ompleted with
other additional results. In proving those results next Lemma will be useful.
Lemma 4.4. For an almost Hermitian 2n-manifold (M, 〈·, ·〉, J), we have
2(n− 1)〈(∇U(n)ei ξ(4))eiX,Y 〉 = d(ξ
♭
eiei)(X,Y )− d(ξ
♭
eiei)(JX, JY )
−4〈ξ(1)ξei eiX,Y 〉+ 2〈ξ(2)ξei eiX,Y 〉.
Proof. From the expression (4.18) we have
2(n− 1)ξ(4)X = X
♭ ⊗ ξeiei − ξ
♭
eiei ⊗X − JX
♭ ⊗ Jξeiei + Jξ
♭
eiei ⊗ JX.(4.19)
Now, xing a loal orthonormal frame eld {e1, . . . , e2n} suh that (∇eiej)m = 0, for a given
m ∈ M , we will ompute (∇eiξ(4))eiX)m. In fat, by a straightforward omputation we will
obtain
2(n − 1)〈(∇eiξ(4))eiX,Y 〉 = d(ξ
♭
eiei)(X,Y )− d(ξ
♭
eiei)(JX, JY )
+2〈ξJXJY − ξJY JX, ξeiei, 〉.
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Then, taking the properties of ξ(i) given in [13℄ into aount, we will get
〈ξ(4)XY − ξ(4)YX, ξeiei〉 = 0.
Thus, we will obtain the identity
2(n − 1)〈(∇eiξ(4))eiX,Y 〉 = d(ξ
♭
eiei)(X,Y )− d(ξ
♭
eiei)(JX, JY )− 4〈ξ(1)ξei eiX,Y 〉
+2〈ξ(2)ξei eiX,Y 〉+ 2〈ξ(3)XY − ξ(3)YX, ξeiei〉.
Finally, it is not hard to show
2(n − 1)〈(ξeiξ(4))eiX,Y 〉 = −2〈ξ(3)XY − ξ(3)YX, ξeiei〉.
From the last two identities, the required identity in Lemma follows. 
Theorem 4.5. For an almost Hermitian 2n-manifold (M, 〈·, ·〉, J), we have:
(i) If M is of type W1 ⊕W2 ⊕W4, then the almost Hermitian struture is harmoni if
and only if
(n − 1)Ric∗alt(X,Y ) = d(ξ
♭
eiei)(X,Y )− d(ξ
♭
eiei)(JX, JY ) + 2(n− 3)〈ξ(1)ξei eiX,Y 〉
+2n〈ξ(2)ξei eiX,Y 〉.
(ii) If M is quasi-Kähler (W1 ⊕W2), then the almost Hermitian struture is harmoni if
and only if Ric∗
alt
= 0.
(iii) If M is loally onformal almost Kähler (W2⊕W4), then the almost Hermitian stru-
ture is harmoni if and only if
(n− 1)Ric∗
alt
(X,Y ) = 2n〈ξξeieiX,Y 〉,
for all X,Y ∈ X(M).
(iv) If M is of type W1⊕W4 and n 6= 2, then the almost Hermitian struture is harmoni
if and only if
(n − 1)(n − 5)Ric∗
alt
(X,Y ) = 2(n + 1)(n − 3)〈ξξeieiX,Y 〉,
for all X,Y ∈ X(M).
(v) If M is Hermitian (W3 ⊕W4), then the almost Hermitian struture is harmoni if
and only if
Ric∗
alt
(X,Y ) = −2〈ξξeieiX,Y 〉.
In partiular:
(i)
∗
A nearly Kähler struture (W1) is a harmoni map.
(ii)
∗
If the exterior derivative of the Lee form is Hermitian (in partiular, if it is losed), a
Hermitian struture is harmoni if and only if Ric∗
alt
= 0.
(iii)
∗
A balaned Hermitian struture (W3) is a harmoni almost Hermitian struture.
(iv)
∗
A loally onformal Kähler struture (W4) is a harmoni almost Hermitian struture.
In suh a ase, the Lee form is losed and, therefore, Ric∗
alt
= 0.
Proof. For (i). By Lemma 4.3, using the properties of ξ(i) given in [13℄, we have
Ric∗
alt
(X,Y ) = 〈ξ(1)ξei eiX,Y 〉+ 〈ξ(2)ξei eiX,Y 〉 − 〈(∇
U(n)
ei ξ(1))eiX,Y 〉
− 〈(∇U(n)ei ξ(2))eiX,Y 〉+ 〈(∇
U(n)
ei ξ(4))eiX,Y 〉.
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Now, by Theorem 3.7 and Lemma 4.4, (i) follows. In partiular, if the struture is nearly
Kähler, by Equation (4.17), we have (∇
U(n)
ei ξ)ei = 0. Thus, we get Ric
∗
alt
= 0. Finally, by
Proposition 3.13 (ii), (i)
∗
follows.
Parts (ii) and (iii) are immediate onsequenes of (i). We reall that, in ase of loally
onformal almost Kähler manifolds, the Lee one-form is losed. This fat is well known. In
partiular, if the struture is loally onformal Kähler, then 〈(∇
U(n)
ei ξ)eiX,Y 〉 = 0 by Lemma
4.4. Moreover, we will also have 〈ξ(4)ξei eiX,Y 〉 = 0. Then (iv)
∗
follows.
For (iv). Beause the struture is of type W1 ⊕W4, Equation (4.17) and Equation (4.16)
are respetively given by
(4.20) 0 = 3〈(∇
U(n)
ei ξ(1))eiX,Y 〉+ (n− 2)〈(∇
U(n)
ei ξ(4))eiX,Y 〉 −
n−5
n−1〈ξ(1)ξ(4)eiei
X,Y 〉,
(4.21) Ric∗
alt
(X,Y ) = 〈ξ(1)ξ(4)eiei
X,Y 〉 − 〈(∇
U(n)
ei ξ(1))eiX,Y 〉+ 〈(∇
U(n)
ei ξ(4))eiX,Y 〉.
Likewise, the haraterising ondition for harmoni almost Hermitian strutures given in
Theorem 3.7 is expressed by
(4.22) − 〈ξ(1)ξ(4)eiei
X,Y 〉 = 〈(∇U(n)ei ξ(1))eiX,Y 〉+ 〈(∇
U(n)
ei ξ(4))eiX,Y 〉.
Now, for n ≥ 3, it is straightforward to hek that Equation (4.20), Equation (4.21) and
Equation (4.22) imply the expression for Ric∗
alt
required in (iv).
Reiproally, it is also diret to see that suh an expression for Ric∗
alt
, Equation (4.20)
and Equation (4.21) imply Equation (4.22). Therefore, the almost Hermitian struture is
harmoni.
For (v). The intrinsi torsion ξ for Hermitian strutures is suh that ξJXJY = ξXY [13℄.
Therefore, the required identity in (v) is an immediate onsequene of Theorem 3.7 and
Lemma 4.3.
For (ii)
∗
. By Lemma 4.4, if the exterior derivative of the Lee form is Hermitian, then
(∇
U(n)
ei ξ(4))ei = 0 in this ase. But we also have (∇
U(n)
ei ξ(3))ei = ξ(3)ξeiei by (4.17). Therefore,
the assertion is a onsequene of (v).
For (iii)
∗
. Now, we have ξeiei = 0. Moreover, Equation (4.17) implies (∇
U(n)
ei ξ(3))ei = 0. 
Example 4.6. It is well-known that a 3-symmetri spae (M, 〈·, ·〉) admits a anonial al-
most omplex struture J ompatible with 〈·, ·〉 and (M, 〈·, ·〉, J) beomes into a quasi-Kähler
manifold. Further, the intrinsi torsion ξ = −12J(∇J) of the orresponding U(n)-struture is
a homogeneous struture (see for example [20℄). Hene, ξ is ∇U(n)-parallel and then we get
Ric∗
alt
= 0. Then, from Theorem 4.5 (ii), we an onluse that the anonial almost Hermitian
struture of a 3-symmetri spae is harmoni.
If we write 〈ξ(1)XY,Z〉 = Ψξ(X,Y,Z), then Ψξ is a skew-symmetri three-form suh that
Ψξ(JX, JY,Z) = −Ψξ(X,Y,Z) [13℄. For n ≥ 3, if we have a harmoni almost Hermitian
struture of type W1⊕W4, then it follows, using Theorem 4.1 (iv) and Equation (4.18), that
the onnetion Laplaian of ω is given by
∇∗∇ω(X,Y ) = 4〈XyΨξ , JY yΨξ〉+
1
4(n− 1)2
d∗ω ∧ Jd∗ω(X,Y ).
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Note that, in general, the right side of this equality is not ollinear with ω. In partiular, if
n = 3, we obtain
∇∗∇ω =
‖Ψξ‖
2
36
ω +
1
16
d∗ω ∧ Jd∗ω.
A harmoni setion σ into a sphere bundle of a Riemannian vetor bundle is haraterised
by the ondition ∇∗∇σ = ‖∇σ‖
2
‖σ‖2
σ or, equivalently, ∇∗∇σ is ollinear with σ (see [9℄, [19℄).
From the previous paragraphs, the rst part of next result is immediate.
Proposition 4.7. For six-dimensions, the nearly Kähler strutures are the only harmoni
almost Hermitian strutures of type W1 +W4, suh that ω is also a harmoni setion into a
sphere bundle in Λ2T ∗M . For four-dimensions, loally onformal Kähler strutures implies
that ω is a harmoni setion into a sphere bundle in Λ2T ∗M .
Proof. LetM be a loally onformal Kähler four-manifold. In order to ompute (∇∗∇ω)m, for
m ∈M , we will onsider a loal orthonormal frame eld {e1, . . . , e4} suh that (∇eiej)m = 0.
Thus, beause in this ase, ∇Xω = X
♭ ∧ (θ♯yω)− θ ∧ (Xyω), where θ = 12Jd
∗ω = −ξeiei [13℄,
we have
(∇∗∇ω)m = −e
♭
i ∧ (θ
♯
y(∇eiω))− e
♭
i ∧ ((∇eiθ)
♯
yω) +∇eiθ ∧ (eiyω)− θ ∧ d
∗ω.
Now, using the expression for ∇ω and the identities ei∧(eiyω) = 2ω and e
♭
i∧θ∧(θ
♯y(eiyω)) =
θ ∧ (θ♯yω), we obtain
−e♭i ∧ (θ
♯
y(∇eiω)) = −2θ ∧ (θ
♯
yω) + 2‖θ‖2ω.
Moreover, beause θ is losed, we have (∇Xθ)(Y ) = (∇Y θ)(X) and it is not hard to see
e♭i ∧ ((∇eiθ)
♯yω) = ∇eiθ ∧ (eiyω).
Finally, from all of this and d∗ω = −2θ♯yω, we get ∇∗∇ω = 2‖θ‖2ω. 
Remark 4.8. For nearly Kähler onneted six-manifolds whih are not Kähler, if 5α denotes
the Einstein onstant and using [16, Equation (3.10)℄, we have
∇∗∇ω(X,Y ) = 4〈ξeiX, ξeiJY 〉 = 4αω(X,Y ).
Therefore, ‖Ψξ‖
2 = 144α.
On the other hand, for loally onformal Kähler four-manifolds, we have ∇∗∇ω = 2‖θ‖2ω.
Therefore,
1
16‖∇ω‖
2 = 12‖θ‖
2 = 12‖ξeiei‖
2 = 18‖Jd
∗ω‖2 that, in general, it is not onstant.
In [2℄, Bor et al. have shown diverse results relative to the energy of almost Hermitian
strutures dened on ertain ompat Riemannian manifolds. Conretely, they prove the
following
Theorem 4.9 ( [2℄). Let (M2n, 〈·, ·〉) be a ompat Riemannian manifold suh that
• n ≥ 3 and (M, 〈·, ·〉)is onformally at, or
• n = 2 and (M, 〈·, ·〉) is anti-self-dual.
Then an orthogonal almost omplex struture J on M is an energy minimiser in eah one of
the following three ases:
(i) n = 3 and J is of type W1 ⊕W4.
(ii) n = 2 or n ≥ 4 and J is of type W4.
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(iii) n arbitrary and J is of type W2.
Beause Ric∗
alt
determines ertain U(n)-omponent, n ≥ 2, of the Weyl urvature tensor
W on almost Hermitian (see [7, 16℄), then we have Ric∗
alt
= 0 for almost Hermitian 2n-
manifolds whih are loally onformal at. In partiular, for n = 2, if we onsider the ation
SO(4) determined by the volume form given by V ol = 12ω ∧ ω, the Weyl urvature tensor
is deomposed into two omponents, that is, W = W+ +W−. If W+ = 0 (W− = 0), the
manifold is alled anti-self-dual (self-dual). More details an be found in [7, 18℄. Sine Ric∗
alt
determines ertain U(2)-omponent of W+, if the manifold is anti-self-dual, then we will also
have Ric∗
alt
= 0. Therefore, it follows that the results here presented are in agreeing with
Theorem 4.9.
Now, we fous attention on harmoniity as a map of almost Hermitian strutures. Results in
that diretion were already obtained in [28℄, we will omplete suh results by using tools here
presented. In next Lemma, s∗ will denote the ∗salar urvarture dened by s∗ = Ric∗(ei, ei). If
Ric∗(X,Y ) = 12ns
∗〈X,Y 〉, then the almost Hermitian manifold is said to be weakly ∗Einstein.
If s∗ is onstant, a weakly-∗Einstein manifold is alled ∗Einstein.
In Riemannian geometry, it is satised 2d∗Ric+ds = 0, where s is the salar urvature.
The ∗analogue in almost Hermitian geometry is false. In fat, this is laried by the following
two results.
Lemma 4.10. For almost Hermitian manifolds, we have
2d∗ Ric∗t(X) + ds∗(X) = 2〈R(ei,X), ξJeiJ〉 − 4Ric
∗(X, ξeiei) + 4〈Ric
∗, ξ♭X〉,
where Ric∗t(X,Y ) = Ric∗(Y,X) and ξ♭X(Y,Z) = 〈ξXY,Z〉. In partiular, if the manifold is
weakly ∗Einstein, then
n− 1
n
ds∗(X) = 2〈R(ei,X), ξJeiJ〉 − 2s
∗〈ξeiei,X〉.
Proof. Note that Ric∗t(X,Y ) = 12〈R(ei, Jei)Y, JX〉. Then, we get
d∗Ric∗t(X) = −(∇ej Ric
∗t)(ej ,X)
= −
1
2
ej〈R(ei, Jei)X,Jej〉+
1
2
〈R(ei, Jei)∇ejX,Jej〉+
1
2
〈R(ei, Jei)X,J∇ejej〉
= −
1
2
〈(∇ejR)(ei, Jei)X,Jej〉 − 〈R(∇ejei, Jei)X,Jej〉 −
1
2
〈R(ei, Jei)X, (∇ejJ)ej〉
Now, by symmetri properties of R and ξ = −12J(∇J), it follows that
d∗Ric∗t(X) = −
1
2
〈(∇ejR)(X,Jej)ei, Jei〉+ 〈R(X, ej)ei,∇JejJei)〉 − 〈R(ei, Jei)X,Jξejej〉.
Using seond Bianhi's identity and taking
〈R(X, ej)ei,∇JejJei)〉 = 〈R(X, ej)ei,∇
U(n)
Jej
Jei)〉 − 〈R(X, ej)ei, ξJejJei)〉
into aount, we get
d∗Ric∗t(X) = −
1
4
〈(∇XR)(ej , Jej)ei, Jei〉 − 〈R(X, ej), ξJejJ〉 − 2Ric
∗(X, ξejej).
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Note that
〈R(X, ej)ei,∇
U(n)
Jej
Jei)〉 = 〈R(X, ej)ei, ek〉〈∇
U(n)
Jej
Jei, ek〉 = 0,
beause it is a salar produt of a skew-symmetri matrix by a Hermitian symmetri matrix.
Finally, it is obtained
2d∗Ric∗t(X) = −
1
2
〈(∇XR)(ej , Jej)ei, Jei〉 − 2〈R(X, ej), ξJejJ〉 − 4Ric
∗(X, ξejej).(4.23)
In a seond instane, ds∗(X) = 12X〈R(ei, Jei)ej , Jej〉. Hene, we get
ds∗(X) =
1
2
〈(∇XR)(ei, Jei)ej , Jej〉+ 2〈R(ei, Jei)ej ,∇XJej〉.
But we have also that
〈R(ei, Jei)ej ,∇XJej〉 = 〈R(ei, Jei)ej, ek〉〈∇
U(n)
X Jej , ek〉 − 〈R(ei, Jei)ej , ek〉〈ξXJej , ek〉
= 〈R(ei, Jei)ej, JξXej〉 = 2Ric
∗(ei, ξXei) = 2〈Ric
∗, ξX〉.
Thus, it follows that
(4.24) ds∗(X) =
1
2
〈(∇XR)(ei, Jei)ej, Jej〉+ 4〈Ric
∗, ξX〉.
From (4.23) and (4.24), the required identity is obtained. 
Theorem 4.11. For an almost Hermitian 2n-manifold (M, 〈·, ·〉, J), we have:
(i) If M is of type W1 ⊕W2 ⊕W4, then the almost Hermitian struture is a harmoni
map if and only if the almost Hermitian struture is harmoni and
(n − 1)d∗ Ric∗t(X) +
n− 1
2
ds∗(X) = Ric(X, ξeiei)− (2n − 1)Ric
∗(X, ξeiei)
+2(n − 1)〈Ric∗, ξ♭X〉,
for all X ∈ X(M).
(ii) If M is quasi-Kähler (W1 ⊕W2), then the almost Hermitian struture is a harmoni
map if and only if Ric∗ is symmetri and 2d∗ Ric∗+ds∗ = 0. In partiular, if the
quasi-Kähler manifold is weakly-∗Einstein, then the almost Hermitian struture is a
harmoni map if and only if s∗ is onstant.
(iii) If M is Hermitian (W3 ⊕W4), then the almost Hermitian struture is a harmoni
map if and only if Ric∗
alt
= −2ξ♭ξeiei
and
2d∗Ric∗t(X) + ds∗(X) + 4Ric∗(X, ξejej)− 4〈Ric
∗, ξ♭X〉 = 0,
for all X ∈ X(M). In partiular:
(a)
∗
If the exterior derivative of the Lee form is Hermitian (in partiular, if it is
losed), then the Hermitian struture is a harmoni map if and only if Ric∗
alt
= 0
and 2d∗Ric∗+ds∗ + 4ξeieiyRic
∗ = 0.
(b)
∗
If Ric∗ is symmetri, then the Hermitian struture is a harmoni map if and only
if ξξeiei = 0 and 2d
∗Ric∗+ds∗ + 4ξeieiyRic
∗ = 0. In partiular, if the manifold
is weakly-∗Einstein, then the Hermitian struture is a harmoni map if and only
if ξξeiei = 0 and (n− 1)ds
∗ + 2s∗ξ♭eiei = 0.
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()
∗
If the manifold is balaned Hermitian (W3), then the almost Hermitian struture
is a harmoni map if and only if 2d∗Ric∗+ds∗ = 0. Furthermore, if the bal-
aned Hermitian manifold is weakly-∗Einstein, the almost Hermitian struture is
a harmoni map if and only if s∗ is onstant.
(d)
∗
If the manifold is loally onformal Kähler (W4), then the almost Hermitian
struture is a harmoni map if and only if 2d∗Ric∗+ds∗+4ξeieiyRic
∗ = 0 if and
only if, for all X ∈ X(M), (Ric−Ric∗)(X, ξeiei) = 0.
Proof. All results ontained in Theorem are immediate onsequenes of Theorem 4.5, Lemma
4.10, and the following onsequene of the expression for ξ(4) given by (4.19)
(n− 1)〈ξ(4)ei , R(ei,X)〉 = (Ric−Ric
∗)(X, ξeiei).

Example 4.12. Hopf manifolds are dieomorphi to S1×S2n−1 and admit a loally onformal
Kähler struture with parallel Lee form
1
2(n−1)ξ
♭
eiei [23℄. Furthermore, ξeiei is nowhere zero
and tangent to S1. The metri on S1 × S2n−1 is the produt metri of onstant multiples
of the metris on S1 and S2n−1 indued by the respetive Eulidean metris on R2 and R2n.
The set L(S2n−1) will onsist of those vetor elds on S1 × S2n−1 whih are lifts of vetor
elds on S2n−1. The Riemannian urvature tensor R is suh that
〈R(X,Y )Z1, Z2〉 = k(〈X,Z1〉〈Y,Z2〉 − 〈X,Z2〉〈Y,Z1〉), R(X, ξeiei) = 0,
for all X,Y,Z1, Z2 ∈ L(S
2n−1), where k is a onstant. Therefore, 〈R(ei, ξeiei), ξei〉 = 0.
Moreover, using the expression given by (4.19), for all X ∈ L(S2n−1), we have
〈R(ei,X), ξei〉 = 2k〈ξeiei,X〉 = 0.
Additionally, it an be heked that
n− 1
k
〈ξX , R(Y,Z)〉 = −JX
♭ ∧ Jξ♭eiei(Y,Z),
for all X,Y,Z orthogonal to ξeiei. Therefore, the almost Hermitian struture is not horizon-
tally geodesi. As a onsequene, it is also not a at struture.
Finally, using again the expression (4.19) and the fat that ξeiei is parallel, it is obtained
2(n− 1)2(∇Xξ)X = Jξ
♭
eiei(X) (X
♭ ⊗ Jξeiei − Jξ
♭
eiei ⊗X + JX
♭ ⊗ ξeiei − ξ
♭
eiei ⊗ JX).
Note that this expression is not vanished for all X.
In onlusion, the loally onformal Kähler struture on S1 × S2n−1 is a harmoni map
whih is neither horizontally geodesi, nor vertially geodesi.
Example 4.13. In general, loally onformal Kähler strutures are not harmoni maps. In
fat, one an onsider the Kähler struture on R
2n
determined by the Eulidean metri 〈·, ·〉
and the standard almost omplex struture J . If we do a onformal hange of metri using a
funtion f on R2n, the new metri 〈·, ·〉o = e
f 〈·, ·〉 and J determine a new almost Hermitian
struture whih is loally onformal Kähler. The Lee form for the new struture is df and the
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Riemannian urvature tensor is given by
−2e−f 〈Ro(X,Y )Z,W 〉o = L(X,Z)〈Y,W 〉 + L(Y,W )〈X,Z〉
−L(X,W )〈Y,Z〉 − L(Y,Z)〈X,W 〉
+
‖df‖2
2
{〈X,Z〉〈Y,W 〉 − 〈Y,Z〉〈X,W 〉},
where L(X,Y ) = (∇Xdf)(Y )−
1
2df(X)df(Y ) and∇ is the Levi-Civita onnetion assoiated to
〈·, ·〉 (see [21℄). If ξo denotes the intrinsi torsion of the struture (J, 〈·, ·〉o), an straightforward
omputation shows that
16ef 〈Ro(eo i,X), ξoeo i〉o = −
2n− 3
2
d(‖df‖2)(X) + d∗(df)df(X) + (∇JXdf)(Jgrad f),
where {eo 1, . . . , eo 2n} is an orthonormal basis for vetors with respet to 〈·, ·〉o and the terms
in the right side, the norm ‖ · ‖, grad, et., are onsidered with respet to the Eulidean
metri 〈·, ·〉. Therefore, it is not hard to nd funtions f suh that 〈Ro(eo i,X), ξoeo i〉o 6= 0.
For instane, if f = sinx1, then 〈Ro(eo i,X), ξoeo i〉o =
n−1
8 e
− sinx1 sinx1 cos x1 dx1.
If we take the funtion f suh that (xi ◦f)(x) = (xi ◦f)(x + 2π), i = 1, . . . , 2n, then 〈·, ·〉o
determines a Riemannian metri on the torus T 2n = S1× · · · ×S1 and the natural projetion
of R
2n
on T 2n beomes into a loal isometry. Hene, we also get loally onformal Kähler
strutures whih are not harmoni maps on the torus (T 2n, 〈·, ·〉o).
4.1. Nearly Kähler manifolds. For ompleteness, here we will give a detailed and self-
ontained explanation of the situation for nearly Kähler manifolds. Thus, we will reover
results already known originally proved, some of them, by Gray and, others, by Wood. How-
ever, we will display alternative proofs in terms of the intrinsi torsion ξ. Additionally, it
is also shown that, for nearly Kähler manifolds, ξ is parallel with respet to the minimal
onnetion ∇U(n), i.e., ∇U(n)ξ = 0. This last result is originally due to Kirihenko [14℄.
The intrinsi torsion ξ of a nearly Kähler manifold is haraterised by the ondition
ξXY = −ξYX. Beause this property is preserved by the ation of O(2n), then we have also
(∇Xξ)Y Z = −(∇Xξ)ZY and (∇Xξ)
U(n)
Y Z = −(∇
U(n)
X ξ)ZY . Moreover, with respet to the
almost omplex struture J , it is also satised ξJXJY = −ξXY . Therefore, (∇Xξ)
U(n)
JY JZ =
−(∇
U(n)
X ξ)Y Z.
For nearly Kähler manifolds, Gray [10℄ showed that the following identities are satised
〈R(X,Y )X,Y 〉 − 〈R(X,Y )JX, JY 〉 = 4‖ξXY ‖
2
(4.25)
〈R(JX, JY )JZ, JW 〉 = 〈R(X,Y )Z,W 〉.(4.26)
In fat, sine 〈(∇Xξ)YX,Y 〉 = 0 = 〈(∇Y ξ)XX,Y 〉, it is immediate that
〈R(X,Y ) u(n)⊥X,Y 〉 =
1
2
(〈R(X,Y )X,Y 〉 − 〈R(X,Y )JX, JY 〉) = 2〈[ξX , ξY ]X,Y 〉.
From this, (4.25) follows. Also (4.25) follows from Proposition 3.13, beause [u(n)⊥, u(n)⊥] ⊆
u(n).
For (4.26). Using (4.25), it is not hard to prove 〈R(JX, JY )JX, JY 〉 = 〈R(X,Y )X,Y 〉.
Then, by linearizing, we will have (4.26).
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Theorem 4.14. Nearly Kähler strutures are vertially geodesi harmoni maps. Moreover,
for nearly Kähler manifolds, we have
〈R(X,Y )Z,W 〉 − 〈R(X,Y )JZ, JW 〉 = 4〈ξXY, ξZW 〉,(4.27)
∇
U(n)
X ξ = 0.(4.28)
In partiular, if the nearly Kähler struture is at, then is Kähler.
Remark 4.15. Equation (4.27) is due to Gray [11℄. On the other hand, Wood proved in [28℄
that nearly Kähler strutures are vertially geodesi harmoni maps.
Proof. Sine ξXY = −ξYX and ∇ξ = ∇
U(n)ξ − ξξ, it is diret to show that
〈R(X,Y ) u(n)⊥Z,W 〉 =
1
2
(〈R(X,Y )Z,W 〉 − 〈R(X,Y )JZ, JW 〉)(4.29)
= 〈(∇
U(n)
X ξ)Y Z,W 〉 − 〈(∇
U(n)
Y ξ)XZ,W 〉+ 2〈ξXY, ξZW 〉.
Now, we onsider the map s : Λ2T ∗M⊗Λ2T ∗M → S2(Λ2T ∗M) dened by s(a⊗b) = a⊗b+b⊗a
and the map b : S2(Λ2T ∗M)→ S2(Λ2T ∗M) dened by
b(Υ)(X,Y,Z,W ) = 2Υ(X,Y,Z,W ) −Υ(Z,X, Y,W ) −Υ(Y,Z,X,W ).
Applying the omposition b ◦ s to both sides of Equation (4.29) and, then, making use of
(4.26) and rst Bianhi's identity, we will obtain
(4.30)
3〈R(X,Y )Z,W 〉 − 2〈R(X,Y )JZ, JW 〉
+〈R(Z,X)JY, JW 〉+ 〈R(Y,Z)JX, JW 〉 = 8〈ξZW, ξXY 〉+ 4〈ξYW, ξXZ〉 − 4〈ξXW, ξY Z〉.
Note that we have also taken (∇
U(n)
X ξ)Y Z = −(∇
U(n)
X ξ)ZY into aount. Now, if we replae
Z and W by JZ and JW , subtrat the result from (4.30) and use ξJXJY = −ξXY , then we
get
5〈R(X,Y )Z,W 〉 − 5〈R(X,Y )JZ, JW 〉(4.31)
−〈R(X,JY )Z, JW 〉 − 〈R(X,JY )JZ,W 〉 = 16〈ξXY, ξZW 〉.
Finally, replaing in (4.31) Y and Z by JY and JZ, multiplying by 1/5 the resulting equation
and adding the nal result to (4.31), the required identity (4.27) is obtained.
Now, from the following identity
1
2
(〈R(X,Y )X,Z〉 − 〈R(X,Y )JX, JZ〉) = 〈(∇Xξ)YX,Z〉 − 〈(∇Y ξ)XX,Z〉+2〈[ξX , ξY ]X,Z〉,
using (4.27), we get (∇Xξ)X = 0. Hene the nearly Kähler struture is vertially geodesi.
For (4.28). Sine
〈R(X,Y )Z,W 〉 − 〈R(X,Y )JZ, JW 〉 = 2〈(∇
U(n)
X ξ)Y Z,W 〉 − 2〈(∇
U(n)
Y ξ)XZ,W 〉
+4〈ξXY, ξZW 〉
= 4〈ξXY, ξZW 〉,
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we have (∇
U(n)
X ξ)Y = (∇
U(n)
Y ξ)X . Moreover, from the identity
〈(∇Xξ)Y Z,W 〉 = 〈(∇
U(n)
X ξ)Y Z,W 〉+ 〈ξZW, ξXY 〉 − 〈ξXξY Z,W 〉+ 〈ξY ξXZ,W 〉,
taking (∇Xξ)X = 0 into aount, it follows (∇
U(n)
X ξ)X = 0. Therefore, (∇
U(n)
X ξ)Y =
(∇
U(n)
Y ξ)X = −(∇
U(n)
X ξ)Y = 0.
The nal remark ontained in Theorem follows from Proposition 3.13 (i). 
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